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We apply a soft-wall AdS/QCD approach to the description of deuteron structure functions and
tensor polarized properties. Present work is a completion of our previous study on electromagnetic
form factors. By the appropriate choice of two couplings in the effective action we are able to
reproduce both the form factors and structure functions in full consistency with model-independent
constraints set by perturbative QCD. Our framework is based on a five-dimensional action in AdS
space formulated in terms of vector fields dual to the deuteron and the electromagnetic fields. The
AdS fields depend on four Minkowski and one holographic coordinate z. The scale dependence of
the form factors and structure functions is consistent with quark counting rules implying the 1/Q10
behavior of the charge form factor GC(Q
2), structure functions A(Q2) and B(Q2), and the 1/Q12
behavior of the magnetic GM (Q
2) and quadrupole GQ(Q
2) form factors.
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I. INTRODUCTION
The study of electron-deuteron scattering gives a unique insight into the structure of the deuteron. The structure
information is contained in the gauge-invariant matrix element describing the interaction of the deuteron with the
electromagnetic field, which reads as
Mµinv(p, p
′) = −
(
G1(Q
2)ǫ∗(p′) · ǫ(p)− G3(Q
2)
2M2d
ǫ∗(p′) · q ǫ(p) · q
)
(p+ p′)µ
− G2(Q2)
(
ǫµ(p) ǫ∗(p′) · q − ǫ∗µ(p′) ǫ(p) · q
)
(1)
where ǫ(ǫ∗) and p(p′) are the polarization and four-momentum of the initial (final) deuteron, q = p′ − p is the
momentum transfer and Md is the deuteron mass.
The three electromagnetic (EM) form factors G1,2,3 of the deuteron are related to the charge GC , quadrupole GQ
and magnetic GM form factors by
GC = G1 +
2
3
τdGQ , GM = G2 , GQ = G1 −G2 + (1 + τd)G3, τd = Q
2
4M2d
. (2)
The form factors are normalized at Q2 = 0 as
GC(0) = 1 , GQ(0) =M
2
dQd = 25.83 , GM (0) =
Md
MN
µd = 1.714 , (3)
where MN is the nucleon mass, Qd = 7.3424 GeV−2 and µd = 0.8574 are the quadrupole and magnetic moments of
the deuteron.
2The set of the three form factors (GC(Q
2), GM (Q
2), GQ(Q
2)) and their combinations — structure functions
A(Q2) = G2C(Q
2) +
2
3
τdG
2
M (Q
2) +
8
9
τ2dG
2
Q(Q
2) , B(Q2) =
4
3
τd(1 + τd)G
2
M (Q
2) . (4)
are the main observables defining the electromagnetic structure of the deuteron (for a recent review on the experimental
and theoretical progress see Ref. [1–4]). In Ref. [5–7] model-independent relations between the deuteron form factors
and their individual scalings imposed by perturbative QCD at large Euclidean values of Q2 have been derived. In
particular, in Ref. [5] it was shown that
√
A(Q2) can be factorized in terms of the nucleon form factor FN (Q
2/4) and
the so-called “reduced” nuclear form factor fd(Q
2) as√
A(Q2) = fd(Q
2)F 2N (Q
2/4) . (5)√
A(Q2) scales as 1/Q10 in agreement with quark counting rules, since the deuteron has six constituent quarks. Ref. [6]
contains a derivation of the high Q2 QCD prediction for the following relation between the charge and quadrupole
form factors
GC(Q
2) =
2
3
τdGQ(Q
2) . (6)
In Ref. [7] this relation has been extended by including the next-to-leading term in the form
GC(Q
2) =
(
2
3
τd − 1
)
GQ(Q
2) . (7)
In addition it was shown that the three deuteron form factors and structure functions scale at large Q2 as
GC(Q
2) : GM (Q
2) : GQ(Q
2) =
(
2
3
τd − 1
)
: 2 : − 1 ,
B(Q2) : A(Q2) : G2C(Q
2) = 4 : 1 :
1
3
. (8)
Using these results of Refs. [5–7] one concludes that the individual deuteron form factors and structure functions scale
at large Q2 as
√
A(Q2) ∼
√
B(Q2) ∼ GC(Q2) ∼ 1
Q10
,
GM (Q
2) ∼ GQ(Q2) ∼ 1
Q12
. (9)
The cross section for elastic electron-deuteron scattering is defined by the Rosenbluth formula
dσ
dΩ
= σM S(Q
2) ,
S(Q2) = A(Q2) +B(Q2) tan2
θ
2
, (10)
where σM is the Mott cross section and θ is the electron scattering angle.
Other important characteristics of the deuteron are the deuteron tensor-polarized observables (tensor analyzing
powers) T20, T21 and T22, which are expressed in terms of the three form factors (GC(Q
2), GM (Q
2), GQ(Q
2)) and
scattering angle θ as
T20(Q
2, θ) = − 1
S(Q2)
√
2
[
8
3
τdGC(Q
2)GQ(Q
2)
+
8
9
τ2d G
2
Q(Q
2) +
τd
3
(
1 + 2(1 + τd) tan
2 θ
2
)
G2M (Q
2)
]
, (11)
T21(Q
2, θ) = − 2
S(Q2)
√
3
√
τ3d
(
1 + τd sin
2 θ
2
) GM (Q2)GQ(Q2)
cos θ2
, (12)
T22(Q
2, θ) = − 1
2S(Q2)
√
3
τdG
2
M (Q
2) . (13)
3As shown in Ref. [15] it is useful to define the quantity
T˜20(Q
2) =
1
1− δ
(
T20(Q
2) +
δ
2
√
2
)
(14)
with the use of the factor
δ =
B(Q2)
S(Q2)
[
1
2(1 + τd)
+ tan2
θ
2
]
(15)
in order to eliminate the dependence of T20 on GM and θ:
T˜20(Q
2) = − τd√
2
3β(Q2) + τd
9
8β
2(Q2) + τ2d
, (16)
where β(Q2) = GC(Q
2)/GQ(Q
2) is the ratio of GC and GQ form factors. By further elimination of the leading Q
2
dependence one can introduce the reduced quantity
T˜20R(Q
2) = − 3
Q2Qd
√
2
T˜20(Q
2)
=
GQ(Q
2)
GQ(0)
GC(Q
2) + τd3 GQ(Q
2)
G2C(Q
2) + 89τ
2
dG
2
Q(Q
2)
, (17)
which is normalized as T˜20R(0) = 1 for Q
2 = 0.
Using the power scalings of the deuteron form factors (9) one can derive large Q2 scalings for the tensor-polarized
observables [7] as
T20(Q
2) ∼ −
√
2
1 + tan2 θ2
1 + 4 tan2 θ2
∼ O(1) ,
T21(Q
2) ∼
√
3
tan θ2
1 + 4 tan2 θ2
∼ O(1) ,
T22(Q
2) ∼ −
√
3
2τd
1
1 + 4 tan2 θ2
∼ O(1/Q2) ,
T˜20(Q
2) ∼ −
√
2 ∼ O(1) ,
T˜20R(Q
2) ∼ 3
4τdGQ(0)
∼ O(1/Q2) . (18)
In the present paper we further improve the calculation on the deuteron form factors in a soft-wall AdS/QCD
approach [8–11], started in Ref. [4]. We present in addition the results for the structure functions and the tensor-
polarized variables. Our approach is based on gauge/gravity duality and is constructed as a holographic dual to
pQCD. The main advantage of our framework is that it gives a description of the deuteron electromagnetic form
factors in the full Q2 regime and guarantees the correct power scaling of form factors and structure functions at large
Q2. Note that this important property of approaches based on gauge/string duality originally was originally found in
Ref. [12] and was later confirmed in Refs. [4, 9–11].
II. FORMALISM AND NUMERICAL RESULTS
The formalism is based on an effective action given in terms of the AdS fields dM (x, z) and VM (x, z). These
fields are dual to the Fock component contributing to the deuteron with twist τ = 6 and the electromagnetic field,
respectively. The action is given by
S =
∫
d4xdz
√
g e−ϕ(z)
[
−1
4
FMNF
MN −DMd†NDMdN − ic2(z)FMNd†MdN
+
c3(z)
4M2d
e2A(z) ∂MFNK
(
iDKd
†
MdN − d†M iDKdN +H.c.
)
+ d†M
(
µ2 + U(z)
)
dM
]
, (19)
4where g = |detgMN| = e10A(z) and A(z) = log(R/z); FMN is the stress tensor of vector field VM ; DM is the covariant
derivative including VM ; µ2R2 = (∆ − 1)(∆ − 3) is the five-dimensional mass; R is the AdS radius, ϕ(z) = κ2z2
is the background dilaton field and κ is the scale parameter; ∆ = τ + 1 is the dimension of the dM (x, z) field; Md
is the deuteron mass and U(z) = U0ϕ(z)/R
2 is the confinement potential, where the constant U0 is fixed by the
value of the deuteron mass. We work in the axial gauge for both vector fields dz(x, z) = 0 and V z(x, z) = 0. The
z-dependent couplings c2(z) and c3(z) are constrained by the normalization and the large Q
2 scaling of the deuteron
electromagnetic form factors (see discussion below).
This updated action is an extension of the deuteron action suggested in Ref. [4]. The main difference is that now
we incorporate the z-dependence of the AdS/QCD couplings c2 and c3:
c2(z) = e
−βϕ(z)
[
c
(1)
2 + c
(2)
2 e
α2 logϕ(z)
]
,
c3(z) = c3 e
−βϕ(z)+α3 logϕ(z) , (20)
where the couplings c
(1)
2 , c
(2)
2 and c3 are fixed from the normalization of GM (Q
2), GQ(Q
2) and the asymptotics of
GM (Q
2) at large Q2:
c
(1)
2 = 12
1∫
0
dx
(1− x)5
[1 + β(1− x)]7 ,
c
(2)
2 = G2(0)− c(1)2 =
Md
MN
µd − c(1)2 ,
c3 = G3(0) = M
2
dQd − 1 +
Md
MN
µd . (21)
The parameters α2, α3 and β should satisfy the conditions
α2 > 0 , α3 > 1 , β ≥ 0 (22)
to guarantee the scaling behavior (9) of the deuteron form factors and structure function. Their numerical values are
optimized in a best fit to data:
α2 = 0.25 , α3 = 1.1 , β = 1.2 . (23)
Our calculation of deuteron form factors proceeds in several steps. First, we perform a Kaluza-Klein (KK) decom-
position of the vector AdS field dual to the deuteron dµ(x, z) = exp[(ϕ(z) − A(z))/2] ∑
n
dµn(x)Φn(z) , where d
µ
n(x) is
the tower of KK fields dual to the deuteron fields with radial quantum number n and twist-dimension τ = 6, and
Φn(z) are their bulk profiles in the fifth direction of the AdS space.
Second, we derive a Schro¨dinger-type equation of motion (EOM) for the profile Φn(z)[
− d
2
dz2
+
99
4z2
+ κ4z2 + κ2U0
]
Φn(z) = M
2
d,nΦn(z) , (24)
which is solved analytically
Φn(z) =
√
2n!
(n+ 5)!
κ6 z11/2 e−κ
2z2/2 L5n(κ
2z2) , M2d,n = 4κ
2
[
n+ 3 +
U0
4
]
, (25)
where Lmn (x) are the generalized Laguerre polynomials. Restricting our considerations to the ground state n = 0
we get Md = 2κ
√
3 + U04 . Using the central experimental value for the deuteron mass Md = 1.875613 GeV and
setting the parameter κ = 190 MeV (obtained from a fit to the data of the electromagnetic deuteron form factors),
we fix U0 = 85.4494. Note that the deuteron scale parameter is two times smaller than the analogous parameter
κN ≃ 380 MeV entering in the description of the nucleon - mass and electromagnetic form factors [10, 11]. The
difference between the nucleon and deuteron scale parameters can be related to the change of size of the hadronic
systems - the deuteron as a two-nucleon bound state is about 2 times larger than the nucleon.
Third, we perform a Fourier transformation of the vector field V (x, z) with respect to the Minkowski coordinate
Vµ(x, z) =
∫
d4q
(2π)4
e−iqxVµ(q)V (q, z) (26)
5and derive an EOM for the vector bulk-to-boundary propagator V (q, z) dual to the q2-dependent electromagnetic
current
∂z
(
e−ϕ(z)
z
∂zV (q, z)
)
+ q2
e−ϕ(z)
z
V (q, z) = 0 . (27)
The solution of this equation in terms of the gamma Γ(n) and Tricomi U(a, b, z) functions reads
V (q, z) = Γ
(
1− q
2
4κ2
)
U
(
− q
2
4κ2
, 0, κ2z2
)
. (28)
In the Euclidean region it is convenient to use the integral representation for V (Q, z) [14]
V (Q, z) = κ2z2
∫ 1
0
dx
(1− x)2 x
a e−κ
2z2 x
1−x , (29)
where x is the light-cone momentum fraction and a = Q2/(4κ2).
With the present set-up the deuteron form factors can be easily calculated as:
G1(Q
2) =
∞∫
0
dzΦ20(z)V (Q, z) ,
Gi(Q
2) =
∞∫
0
dzci(z)Φ
2
0(z)V (Q, z) , i = 2, 3 . (30)
For a detailed discussion on the calculational technique see for example Ref. [4]. The explicit expressions for the form
factors are
G1(Q
2) =
Γ(a+ 1)Γ(7)
Γ(a+ 7)
,
G2(Q
2) = c
(1)
2
I1(Q
2)
I1(0)
+ c
(2)
2
I2(Q
2)
I2(0)
,
G3(Q
2) = c3
I3(Q
2)
I3(0)
, (31)
where
Ii(Q
2) =
Γ(7 + ∆i)
Γ(6)
1∫
0
dxxa
(1− x)5+∆i
(1 + β(1− x))7+∆i ,
∆1 ≡ 0 , ∆2 = α2 , ∆3 = α3 , c(1)2 = 2I1(0) . (32)
Note that the scaling of our form factors, the structure functions and tensor-polarized observables is fully consistent
with perturbative QCD [5–7]. In particular, the structure functions A(Q2), B(Q2) and the charge form factor GC(Q
2)
have the correct power-scaling 1/Q10 at large Q2 →∞, while the magnetic and quadrupole form factors scale as 1/Q12
at large Q2. Our results for the charge GC(Q
2), quadrupole GQ(Q
2) and magnetic GM (Q
2) form factors, structure
functions A(Q2) and B(Q2), tensor-polarized quantities T20(Q
2), T˜20R(Q
2), T21(Q
2) and T22(Q
2) are shown in Fig. 1-
3. Results are compared to data taken from Refs. [1, 13] and references within. The shaded bands correspond to values
for the scale parameter κ in the range of 150−250 MeV. An increase of the parameter κ leads to an enhancement of
the form factors. The best description of the data on the deuteron form factors is obtained for κ = 190 MeV and
is shown by the solid line. We also determine the deuteron charge rC = (−6dGC(Q2)/dQ2|Q2=0)1/2 and magnetic
rM = (−6dGM (Q2)/dQ2|Q2=0/GM (0))1/2 radii, which for κ = 190 MeV are equal to 1.92 fm and 2.26 fm, respectively.
These values compare well with the data of rC = 2.13± 0.01 fm and rM = 1.90± 0.14 fm.
In the soft-wall AdS/QCD approach we are able to describe of full Q2 behavior of the electromagnetic structure
of the deuteron including the tensor-polarized observables. One exception is the tensor analyzing power T20 where
discrepancies between prediction and data occur for Q larger than 4 fm−1. This mismatch can be traced to the
6behavior of GC(Q
2), where the prediction overestimates the data for large Q. The predicted behavior of GC(Q
2) can
further be linked to the electromagnetic form factor G1(Q
2) contributing in the form
GC = G1 +
2
3
τdGQ. (33)
While the prediction for G1(Q
2) is positive for all values of Q2, the corresponding data of GC require a G1 which
should cross zero around Q ∼ 4 fm−1. As an illustration in Fig. 4 we present two plots for GC — the exact result
(left panel) and where the form factor G1 is dropped (right panel), i.e. GC ≃ G˜C = 23τdGQ with a κ of 190 MeV and
a variation in β from 0 to 2. Similar plots for the magnetic, quadrupole form factors and the structure functions are
shown in Figs. 5 and 6. In all plots an increasing β value leads to increase of all observables in the Q2 dependence.
From Fig. 4 it is apparent that the form factor G1(Q
2) should cross zero around Q ≃ 4 fm−1 in order to suppress
the contribution of the GQ form factor in GC .
Finally, in Figs. 7-9 we show the sensitivity of all form factors and structure functions on the variation of the
parameters α2 and α3: 0 ≤ α2 ≤ 1 , 1 ≤ α3 ≤ 2 .
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FIG. 1: Charge GC(Q
2), quadrupole GQ(Q
2) and magnetic (mN/mD)GM (Q
2) deuteron form factor.
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FIG. 2: Deuteron structure functions A(Q2) and B(Q2).
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FIG. 3: Deuteron tensor-polarized structures T20(Q
2), T˜20R(Q
2), T21(Q
2) and T22(Q
2).
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FIG. 4: Results for the charge form factor GC(Q
2) with the parameters in the range of 0 ≤ β ≤ 2 (solid line corresponds to
the β = 1.2) and for the fixed values α2 = 0.25, α3 = 1.1: exact result (left panel) and truncated result G˜(Q
2) (right panel).
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FIG. 5: Quadrupole GQ(Q
2) and magnetic (mN/mD)GM (Q
2) deuteron form factors for the parameters 0 ≤ β ≤ 2 (solid line
corresponds to the β = 1.2) and α2 = 0.25, α3 = 1.1.
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FIG. 6: Structure functions A(Q2) and B(Q2) for the parameters 0 ≤ β ≤ 2 (solid line corresponds to the β = 1.2) and
α2 = 0.25, α3 = 1.1.
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FIG. 7: Results for the charge form factor GC(Q
2) with the parameters 0 ≤ α2 ≤ 1, 1 ≤ α3 ≤ 2 (solid line corresponds to the
α2 = 0.25 and α3 = 1.1) and β = 1.2: exact result (left panel) and truncated result G˜C(Q
2) (right panel).
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FIG. 8: Quadrupole GQ(Q
2) and magnetic (mN/mD)GM (Q
2) deuteron form factors with the parameters 0 ≤ α2 ≤ 1,
1 ≤ α3 ≤ 2 (solid line corresponds to the α2 = 0.25 and α3 = 1.1) and β = 1.2.
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FIG. 9: Structure functions A(Q2) and B(Q2) with the parameters 0 ≤ α2 ≤ 1, 1 ≤ α3 ≤ 2 (solid line corresponds to the
α2 = 0.25 and α3 = 1.1) and β = 1.2.
